We propose the Woods-Saxon (WS) potential to simulate spatial confinement. The great advantage of our methodology is that it enables the study of a wide range of systems and confinement regimes by varying two parameters in the model potential. To test the methodology we have studied the confined harmonic oscillator in two different regimes: when the confinement potential exhibits a sudden jump; and when the confinement is described by a smooth function. We have also applied the present procedure to a realistic problem, a confined quantum dot-atom. The numerical calculation is performed with the equally spaced discrete variable representation (DVR). Our results are in close agreement with those available in the literature, and we believe our method to be a good alternative for studying confined quantum systems.
Introduction
Confined systems have been studied extensively over the last few years (see [1] and references therein). Interest has increased with the evolution of experimental techniques used in mesoscopic-scale semiconductors structures [2] [3] [4] .
The study of confined systems is important in catalysis when adsorption phenomena are investigated [5] ; in reactions of atoms and molecules inside cavities such as zeolite molecular sieves [6] , fullerenes [7, 8] or solvent environments [9] , for instance. Moreover, one can study confined phonons [10] , polaritons and plasmons [11] , gas of bosons [12] and electrons in a quantum dot [13] [14] [15] .
The influence of spatial confinement on the energy spectra of physical systems is one of the most interesting properties to be investigated in this phenomenon. The usual effects that occur are the increase of the energy values and the degeneracy breaking when the confinement radius decreases [16] . Traditionally, the spatial confinement can be modelled by the imposition of constraint conditions on the wavefunctions [17] [18] [19] [20] [21] [22] on the borders of the spatial region, by substitution of the physical potential by a model potential [23] or by introduction of a confinement potential [24] [25] [26] . In the third case, the usual additional potential is
where R defines the region where the system is confined. § Author to whom correspondence should be addressed.
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In the first and the third cases, the confinement is imposed drastically. Within the confined region, the system is governed by its 'free' physical potential. For many quantum systems these confinement models present problems since the boxing effects are not completely solved [23] . The use of a model potential substituting the physical potential is an attempt to solve this problem. However, in this case, it is necessary to propose one model potential for each confined system to be studied. Consequently, one does not have a general theory.
In this paper, to overcome these difficulties, a novel procedure to study the confinement effects is proposed: (a) we introduce, in the 'free' Hamiltonian, an additional potential that acts over the whole space to simulate the confinement, and (b) we employ a numerical variational method based on wavefunction expansion to compute the eigenenergies of the confined system.
We utilize, as additional potential, the Woods-Saxon (WS) potential function [27] . The WS potential is a continuous function that has two adjustable parameters. These parameters, as we will show, allow one to treat different systems and to simulate smooth model potentials and infinite or finite constant barriers with the same efficiency. The WS potential was used as the optical potential in nuclear reactions almost half a century ago [28] . Recently, the WS potential has been used in molecular physics as an absorbing potential to study, for example, photodissociation [29] , chemical reaction [30] and laser-induced processes [31] . Although the WS potential is not a new model potential, its use to simulate the confinement barrier appears to be novel.
As a variational method based on the wavefunction expansion in terms of basis functions we employ the discrete variable representation (DVR) method [29, [32] [33] [34] . Such a procedure presents two important qualities: first, this method permits one to calculate various eigenenergies in the same calculation, while traditional procedures calculate a single energy value. Secondly, it is already very well established for the study of non-confined systems and its use can be an effective contribution to analysing confined quantum systems.
To show the efficiency of our method we consider two systems. Initially we study the one-dimensional harmonic oscillator (HO-1D) because it is one of the most extensively used systems for testing new methodologies in quantum mechanics [35] . In fact , in the literature there are several papers on bounded harmonic oscillators [10, 17, 23, [36] [37] [38] [39] [40] [41] . We studied the HO-1D in two extreme cases: when the barrier has an abrupt behaviour as in equation (1) and when the barrier is described by a smooth function as in the model potential proposed by Zicovich et al [23] . Finally, we apply our method to a real problem: the study of confined electrons in a quantum dot-atom [13] [14] [15] . In particular, we calculate the ground state energy of an impurity located in the centre of a parabolic quantum dot. This paper is organized as follows. In section 2 we show the methodology we use throughout the paper; section 3 is devoted to applications; and in the last section we summarize and present our concluding remarks.
Methodology

The confinement model
In our procedure, we propose the WS potential to simulate the spatial confinement. For this, we add the WS potential
into the 'free' Hamiltonian of the quantum system. In equation (2) R defines the confinement barrier position, λ controls the barrier height and η controls its slope. These parameters guarantee the flexibility of the present methodology treating a great variety of confined systems. We notice that the WS potential assumes the value λ when x = R. We utilize expression (2) to introduce the confinement barrier into problems that have spherical symmetry (i.e. the x range is from 0 to ∞) and, for a system with two symmetric spatial confinement barriers (−R < x < R), we modify the usual WS potential and obtain:
where R, η and λ are defined as in equation (2). We call it the modified Woods-Saxon potential (V MWS ). Figure 1 shows the V MWS for different values of η. We emphasize that the barrier inclination increases as the η parameter decreases.
The most important advantage of our proposal is that the WS potential is able to represent several confinement models simply by adjusting the parameters η and λ, while the current procedures use a confinement potential for each system. All we need is to obtain the parameters η and λ which describe well the physical system in question. To optimize the parameters η and λ we have minimized the mean-square deviation between the computed eigenvalues and the expected (experimental or theoretical) results. For the minimization procedure we have used Powell's direction set method [42] .
Equally spaced discrete variable representation
In this work we use a variational method based on wavefunction expansion, namely DVR, to solve the Schrödinger equation of confined systems.
The DVR method expands the wavefunction using a set of basis functions {f i (x)} with the following property: (4) where x j are the points of a Gaussian quadrature rule. Thus, the elements of the potential energy matrix are given by
The kinetic energy matrix elements are calculated analytically [32] . The grid of the equally spaced DVR is
and the associated functions used to build the basis functions {f j } for this grid are
The elements of the kinetic energy matrix in the DVR are then,
with a grid spacing of
We substitute the associated functions in the expression above and obtain the elements of the kinetic energy matrix [32] ,
and
We note that these expressions depend only on the grid points; so, they are a general expression for all one-dimensional systems. However, this procedure is extended easily to two-and three-dimensional systems [43, 44] .
Confined harmonic oscillator results
The confined HO-1D has been used in the literature to explain some experimentally observed deviations from the results predicted by calculations based on the free harmonic oscillator model. In particular, one can cite the emission spectra of the luminescence centres in crystals [10] and the infrared stretching transition of the porphine [23] . Recently, it has been utilized to investigate the confinement effect in the vibrational energies of point defects, impurities or luminescence centres in solids [1, 17, 23] .
To study the confined HO-1D with our model, we start from the Schrödinger equation
with V (x) given by
where R is the confinement radius and V MWS (x; R) is the modified Woods-Saxon potential, given by equation (3) . In order, we optimize the parameters η and λ according to the spatial confinement required. This technique is employed to find numerical results in two different cases.
Confined HO-1D with Zicovich-Wilson model potential
In order to simulate (with equation (13)) the Zicovich-Wilson et al [23] confined potential given by
we have utilized our optimization process to obtain the parameters η and λ shown in table 2. Then, the eigenenergies have been calculated using 300 equally spaced points between −5.0 and 5.0 au to build the DVR. Table 1 
Confined HO-1D with constant infinite barrier
The other system that we have studied is the confined HO-1D with an infinite barrier (equation (1)). In this case, our optimization procedure for the parameters η and λ gives the values shown in table 4. To calculate the eigenenergies we have utilized 300 equally spaced points between −4.0 and 4.0 au to build the DVR. Table 3 shows our energy eigenvalues for five [39] and by Consortini and Frieden with an analytical quantum procedure [38] are presented for comparison. In these calculationsh = 1, m = 1, k = 1 4 . One sees that our results are in quite good agreement with the results in the literature. Concluding this section, we remark that the confined HO-1D using two different potentials is described, in our methodology, by only one potential function, V MWS (x).
Quantum dot-atom results
We have applied our method to a real problem, the study of a quantum dot-atom. We can consider this system as an artificial atom [45] since quantum dots are small conductive regions in a semiconductor that occupy well defined discrete quantum states. Recently, the problem of an impurity in the centre of one parabolic quantum dot was studied by variational methods where the central question was the choice of the trial wavefunction [13, 15] . The Hamiltonian in the effective-mass approximation and using atomic units is [13] 
where γ p =hω p /2Ry This problem was solved by Xiao et al [15] and by Varshni [13] utilizing the variational method for two different types of trial wavefunctions. Varshni [13] presents numerical results obtained by integration of the Schrödinger equation using Numerov's method and a logarithmic mesh. These values can be considered as exact solutions for the energy and we utilize them to compare with our calculations.
To apply our procedure to a quantum dot-atom, we introduce the WS potential (equation (2)) into the Hamiltonian (15) and obtain
The eigenenergies are determined by using the optimization of the parameters η and λ, and the DVR method. We have considered various confinement radii and three values of γ p . Table 5 shows, for all studied values of γ p , the binding energies (defined by Varshni [13] ) and the optimized WS parameters we have obtained. Exact binding energy values are also shown for comparison. One sees that our results reproduce the exact energy with great precision for all values of confinement radius R and γ p parameter considered. These results together with those obtained in the confined HO-1D study demonstrate the strength of our methodology of combining the WS model potential with the DVR method to study confined quantum systems. 
Summary of results and conclusion
We have proposed a novel procedure to study the confinement effects in quantum systems, i.e. the use of the WS potential function to simulate the spatial confinement and the use of variational methods to calculate the energy spectra. In particular, we have used the equally spaced discrete variable representation method (DVR). We have applied the present methodology to study the confinement effects in two quantum systems: the one-dimensional harmonic oscillator in two different confinement regimes (the model potential proposed by Zicovich-Wilson et al and the HO-1D confined between infinite rectangular walls) and the parabolic quantum dot-atom in the presence of an impurity. Our results are in close agreement with those available in the literature. We point out some important aspects of the present results. First, the flexibility of the methodology: using the same functional form of the Hamiltonian, equations (12) and (13), we have studied two different ways of confining the harmonic oscillator, simply by varying the WS parameters. Secondly, the same methodology can be applied to different systems: in this work we have treated the confined HO-1D and a quantum dot-atom with the same procedure, obtaining accurate results in both cases. Thirdly, the efficiency of the methodology: we have obtained both ground and excited states in the same calculation, while the usual methods are restricted to computing only one state. In addition, the present methodology has the important advantage that it can be applied to a variety of quantum systems without the need for new potential models or trial wavefunctions.
We conclude that the WS potential simulates different confinement barriers very well and can be used in the analysis of the energy spectra of confined systems using the same numerical procedure (DVR) utilized in 'free' systems. Consequently, the present procedure can be an effective contribution in the area of confined systems since these numerical techniques are already very well established and can be readily extended to three-dimensional systems. In this context there are several questions to be analysed with the present confinement model: the study of rotational and electronic spectra of diatomic molecules, the study of triatomic molecules and the artificial molecule composed from the connection of two quantum dotatoms [46] , are some examples. Work in these directions is in progress and will be published elsewhere.
